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Abstract
If the cyclic sequences of face types at all vertices in a map are the same, then the
map is said to be a semi-equivelar map. In particular, a semi-equivelar map is equivelar
if the faces are the same type. Homological quantum codes represent a subclass of
topological quantum codes. In this article, we introduce thirteen new classes of quantum
codes. These codes are associated with the following: (i) equivelar maps of type [kk],
(ii) equivelar maps on the double torus along with the covering of the maps, and (iii)
semi-equivelar maps on the surface of Euler characteristic -1, along with their covering
maps. The encoding rate of the class of codes associated with the maps in (i) is such
that k
n
→ 1 as n → ∞, and for the remaining classes of codes, the encoding rate is
k
n
→ α as n→∞ with α < 1.
MSC 2010 : 94Bxx
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1 Introduction
Quantum error-correction codes (QECs) have been developed to protect quantum informa-
tion from decoherence and quantum noise. In 1995, Shor [18] became the first to introduce
QECs. Additionally, in 1998, Calderbank et al. [1] proposed a systematic way to create
QECs from classical error-correcting codes. In 1997, Gottesman [21] introduced stabilizer
code, a tool to describe quantum codes like linear codes in a classical setting. Topological
quantum computation is an analog type of quantum computation with the benefit of being
inherently fault-tolerant because of the topological properties of the physical system. The
topological quantum code (TQC) constitutes a class of QECs that are constructed based on
linear code structure. Such codes are related to tessellations of a surface. This topological
quantum code was implemented by Kitaev [2] in 2003.
In this article, a surface will mean a connected, compact 2-manifold without boundary.
A cellular embedding of a simple finite graph on a surface is called a map. Semi-equivelar
maps are generalizations of Archimedean solids to the surfaces other than the 2-sphere. If
G denotes an embedded graph on a surface M, then the vertices and edges of the graph G
are called vertices and edges of the map, and closures of the connected components ofM \G
are called faces. Let K be a map and V (K) denote the set of vertices of K. For u ∈ V (K),
the faces containing u form a cycle (called the face-cycle at u) Cu in the dual K
∗ of K. By
combining neighboring polygons with the same number of vertices, Cu can be decomposed
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in the form B1 −B2 − · · · −Bk −A1,1, where Bi = Ai,1 − · · · −Ai,ni is a path consisting of
ai-gons Ai,1, . . . , Ai,ni for 1 ≤ i ≤ k, ar 6= ar+1 for 1 ≤ r ≤ k − 1 and ak 6= a1. In this case,
we say that u is of type [an11 , . . . , a
nk
k ]. A map K is said to be a semi-equivelar map (SEM)
if for any u, v ∈ V (K), Cu and Cv are of the same type. We can say that the SEM is a map
of type [an11 , . . . , a
nl
l ]. In particular, if the type of a map is [p
q], then it is called an equivelar
map. We suggest [8] and [12] to the reader for further information on this topic.
We define the d-th cover map of K as follows: let C be a non-separable cycle of length k in
K. By cutting K along C, we then have a map K∗ with two boundary cycles A(p1, p2, . . . , pk)
and B(q1, q2, . . . , qk), where identifying A with B by the map pi 7−→ qi (i = 1, 2, . . . , k)
produces the cycle C, and hence K. We consider two copies of K∗, and denote them as
M1 and M2. Thus M1 has boundary cycles, namely, A1(p
1
1, p
1
2, . . . , p
1
k), B1(q
1
1 , q
1
2, . . . , q
1
k),
and M2 has boundary cycles, namely, A2(p
2
1, p
2
2, . . . , p
2
k), B2(q
2
1 , q
2
2 , . . . , q
2
k). By identifying
A1(p
1
1, p
1
2, . . . , p
1
k) with B2(q
2
1, q
2
2 , . . . , q
2
k) by the map p
1
i 7−→ q
2
i , and B1(q
1
1, q
1
2 , . . . , q
1
k) with
A2(p
2
1, p
2
2, . . . , p
2
k) by the map q
1
i 7−→ p
2
i , we obtain a map on the surface of Euler character-
istic 2χ(K) with 2 × |V (K)| number of vertices, where χ(K) is the Euler characteristic of
K, and |V (K)| denotes the cardinality of the set |V (K)|. Again, we consider d copies of K∗
as Mj with cycles Aj , Bj for j = 1, 2, . . . d (d ≥ 1). As before, identifying Bi with Ai+1 for
1 ≤ i ≤ d− 1, and Bd with A1, we obtain a map of the same type. This map is called the
d-th cover of K. We denote this map as Kd. Clearly, d × |V (K)| is the number of vertices
of Kd with Euler characteristic dχ(K).
We denote the Galois field GF (q) by Fq, where q is a prime integer. Hence, F
n
q is a
vector space of dimension n, where n is a positive integer. Letting x, y ∈ Fnq and x =
(x1, x2, . . . , xn), y = (y1, y2, . . . , yn). Then, the product of x and y is defined as
x · y =
n∑
i=1
xiyi
A linear code [19] over Fq is a subspace of F
n
q . That is, a subset C of F
n
q is said to be a
linear code if and only if
1. x+ y ∈ C for all x, y ∈ C,
2. ax ∈ C for all x ∈ C and a ∈ Fq.
If q = 2, then the code C is called binary linear code. The elements of C are called codewords.
If C is a k-dimensional (< n) subspace, then C is called a [[n, k]] code. The weight of a
codeword x ∈ C is the number of non-zero elements, and is denoted as w(x). The distance
between two codewords x, y ∈ C (also called the Hamming distance) is the number of
positions x and y which differ. It is denoted by dH(x, y). Using this distance, the code
distance is defined. The distance of a code C is denoted as dmin (or d(C)), and defined by
dmin = min{dH(x, y) : x, y ∈ C, x 6= y}
In this case, code C is referred to as [[n, k, dmin]] code. A matrix G ∈ Mn×k(Fq) exists,
where G is said to be the generator matrix of C if C = G(Fkq ), where Mn×k(Fq) denotes the
set of n× k matrices over Fq. A matrix H ∈Mn×k(Fq) is called the parity-check matrix of
the code C if C = ker(H).
Since Fnq/ker(H) ∼= Im(H), then dim(Im(H)) = n − k, i.e., H does not need to be full
rank. Moreover, HG = 0, as columns of G are elements of C. Therefore, the generating
matrix G for a code C can be constructed by considering a basis of C, and placing it as
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column of G. To make a full rank parity-check matrix of C, we take into account the
orthogonal complement
C⊥ = {y ∈ Fnq : y · x = 0 for all x ∈ C}.
C⊥ is called the dual code of C. It is not necessary that C∩C⊥ = {0}. It is easy to determine
that C⊥ is a [[n, n− k]] code with HT as generator matrix, and GT as parity check matrix.
Bit [20] is the fundamental concept of classification computation. Quantum computation
is based on qubits (or quantum bits), and is denoted by the symbol ‘|〉’. Because a bit has
two states, namely 0 or 1, a qubit also has these states. Two probable states for each qubit
are |0〉 and |1〉. This can also result from a linear combination of states, such as
|σ〉 = α |0〉 + β |1〉
for some α, β ∈ C. States of the qubits can also be considered as vectors of C2 with basis
(orthogonal) |0〉 and |1〉. The state of n qubits is an element of 2n-dimensional vector space
Hn = (C
2)⊗n. Thus, for σ ∈ Hn,
|σ〉 =
∑
j∈Fn2
aj |j〉
where |j〉 = |j1〉 ⊗ |j2〉 ⊗ · · · ⊗ |jn〉, and
∑
|a2i | = 1. In particular, |σ1〉 at time t1 and |σ2〉
at time t2 are associated by the Unitary transformation U = U(t1, t2) ∈ U(Hn) such that
|σ1〉 = U |σ2〉, where U(Hn) is the group of unitary operators on the space of n qubits.
The Pauli group on n qubits is the set Pn = {c
⊗n
i=1Ai : Ai ∈ {I,X, Y, Z}, c ∈
{±1,±i}}, where I,X, Y,X represents the Pauli matrix and is given as follows:
X =
(
0 1
1 0
)
, Y =
(
0 −i
i 0
)
, Z =
(
1 0
0 −1
)
, I =
(
1 0
0 1
)
.
The stabilizer group S is the subgroup of Pn with −I /∈ S. A stabilizer code C is thus the
simultaneous eigenspace associated with S, i.e., C = {|ψ〉 : P |ψ〉 = |ψ〉 ∀P ∈ S}. Moreover,
the normalizer of S is NPn(S) = {E ∈ Pn : EgE
† ∈ S for all g ∈ S}, and the centralizer
of S is CPn(S) = {E ∈ Pn : EgE
† = g for all g ∈ S}, where E† is the Hermitian adjoint of
the operator E.
The distance dmin of the stabilizer code C is the minimum weight of Pauli operators in
CPn(S) \ S. It can correct errors up to ⌊
dmin−1
2 ⌋ qubits (see [17]), where ⌊∗⌋ is the usual
floor function. If C is a 2k dimensional subspace of Hn with distance dmin, then the code
C is referred to as the [[n, k, dmin]] quantum code. Here, if the encoding rate
k
n of the
[[n, k, dmin]] quantum code C tends to 1, then C is considered as a good code. In particular,
parameters of the Kitaev’s toric code are [[2m2, 2,m]]: therefore, its encoding rate is 0.
Homological Quantum Code (HQC) is a subclass of TQCs. It was introduced by Bombin
and Martin-Delgado [15]. They also presented some HQC on the surface of an arbitrary
genus. This article is an attempt to present several new classes of HQC associated with
equivelar map and SEM. These codes are constructed by two parity-check matrices HX and
HZ such that HXH
T
Z = 0, where entries of HX , HZ are from Z2.
In this paper, we build thirteen new classes of HQCs. The quantum codes associated
with equivelar maps are as follows:
1. [[(2m1 − 1)(3
m1−1 + 2m2 − 1), 2 + (2m1 − 5)(3
m1−1 + 2m2 − 1), 4]],m1 ≥ 3,m2 ≥ 0,
2. [[m1(3
m1 + 2m2 − 1), 2 + (m1 − 2)(3
m1 + 2m2 − 1), 4]],m1 ≥ 3,m2 ≥ 0;
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the encoding rates of these two codes are such that kn → 1 as n → ∞. We also presented
eleven more classes of quantum codes, namely, [[42d, 2(1 + d), 3]], [[40d, 2 + d, 4]], [[84d, 2 +
d, 4]], [[63d, 2+d, 4]], [[126d, 2+d, 4]], [[60d, 2+d, 4]], [[72d, 2+d, 4]], [[48d, 2+d, 4]], [[36d, 2+
d, 3]], [[30d, 2 + d, 4]], and [[36d, 2 + d, 3]] with d ≥ 1. In this list, the first one is associated
with the d-th cover map of the equivelar maps on a double torus, and the remaining codes
are associated with the d-th cover map of the SEMs on the surface with Euler characteristic
−1. The encoding rates of these codes are less than 1.
This paper is organized in the following manner. In Section 2, we provide an outline of
TQCs, and in Section 3, we present an overview of HQC for a general complex and surface
maps. In Section 4, we present the class of HQCs which are derived from the equivelar
maps of type [kk]. In Section 5, we provide an example to calculate codes associated with
equivelar maps and SEMs. We produce a list of codes associated with equivelar maps on
a double torus and SEMs on the surface of Euler characteristic -1 and the covering maps.
Finally, in Section 6, we compare our codes with existing quantum codes which are available
in the literature, and we conclude this paper in Section 7.
2 Topological Quantum code
A regular tessellation of a Euclidean or hyperbolic plane is a partition by regular polygons,
all with the same number of edges, for which the intersection of two polygons is either
empty, a vertex, or an edge. We denote a regular tessellation by [pq], where q number of
regular polygons with p edges meet at each vertex, and the dual map by [qp]. More details
can be found in [22].
TQC is a subclass of stabilizer codes. In general, TQC is defined as follows.
Definition 2.1 ([11]). Let M be a map (or [pq] tessellation). Let V , E and F denote the
vertex set, edge set and face set, respectively, of M . Given a vertex v ∈ V and a face f ∈ F ,
we define an operator Av as the tensor product of X corresponding to the edges incident
to v, and Bf as the tensor product of Z corresponding to the edges on the border of f .
Hence, the topological quantum code [[n, k, dmin]] is defined where the code length n = |E|,
the stabilizer S = {Av |v ∈ V } ∪ {Bf |f ∈ F}, the number of encoded qubits k = 2 − χ(M),
and the code distance dmin = min{δ, δ
∗}, where δ denotes the code distance in M , and δ∗
denotes the code distance in the dual map M∗.
Therefore, for a tessellation [pq] of a closed, compact surface M ,
Av =
⊗
e∈Ev
Xe, Bf =
⊗
e∈Ef
Ze
where Ev denotes the set of edges incident to the vertex v, and Ef denotes the set of edges
adjacent to the faces f . Thus, C = {|ψ〉 : Av |ψ〉 = |ψ〉 ∀v ∈ V }∪{|ψ〉 : Bf |ψ〉 = |ψ〉 ∀f ∈ F}.
The minimum distance of this code, denoted by dmin, is the shortest non-contractible cycle
length, i.e., the number of edges of the shortest non-contractible cycle in the tessellations
[pq] and [qp].
3 Homological quantum codes associated with maps
Proposition 3.1 ([4, 10]). Let CX and CZ be two classical binary linear codes of length n
with parity-check matrices HX and HZ, respectively. If HXH
T
Z = 0, then the stabilizer code
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with binary check matrix
A =
[
HX 0
0 HZ
]
is a [[n, k, dmin]] quantum code, where n is the codeword length, k = n− dimC
⊥
X − dimC
⊥
Z ,
dmin = min{wt(x) : x ∈ (CZ \ C
⊥
X) ∪ (CX \ C
⊥
Z )}.
Let (C•, ∂•) be a chain complex associated with a complex K
· · · −→ Ci+1
∂i+1
−−−→ Ci
∂i−→ Ci−1 −→ · · · . (1)
Then, Hi(K) =
Ker(∂i)
Im(∂i+1)
is called the i-th Homology ofK, as in [3]. In particular, if the chain
complex is over Z2, then Hi(K) = Hi(K,Z2), and if it is over Z, then Hi(K) = Hi(K,Z).
Let HX = [∂i]p×q and HZ = [∂i+1]
T
r×q, where p = dimCi−1, q = dimCi, r = dimCi+1
and [∂j ] is a matrix corresponding to linear map [∂j ] with respect to a basis of Cj and
Cj−1. Clearly, HXH
T
Z = [∂i ◦ ∂i+1] = 0. Thus, by Proposition 3.1, we can construct a
[[n, k, dmin]] quantum code, where n = dimCi, k = n − dim C
⊥
X − dim C
⊥
Z = dim(Hi), and
dmin = min{wt(x) : x ∈ (CX \ C
⊥
Z ) ∪ (CZ \ C
⊥
X)}. Note that Hi =
Ker(∂i)
Im(∂i+1)
= Ker(HX)
Im(HT
Z
)
=
CX \C
⊥
Z , and by dualizing (1), we can obtain the i-th Cohomology H
i = Ker(HZ)
Im(HT
X
)
= CZ \C
⊥
X .
For more information on this, see [4, 10, 16].
Let M be a surface of genus g, and K be a map embedded on M with f0 (= V (K)), f1
and f2 as vertex, edge and face set, respectively. Let V, E, and F be Z2-vector spaces with
basis f0, f1 and f2, respectively. We can now define a chain complex
{0} → F
∂2−→ E
∂1−→ V→ {0}
with ∂1 ◦ ∂2 = 0. Hence, HXH
T
Z = [∂1 ◦ ∂2] = 0, where HX = [∂1], i.e., the vertex-
edge incident matrix of K, and HZ = [∂2]
T , i.e., the face-edge incident matrix of K.
Thus, the [[n, k, dmin]] quantum code is obtained with n = |f1|, k = dim(H1(K,Z2)),
and dmin = min{wt(x) : x ∈ (CX \ C
⊥
Z ) ∪ (CZ \ C
⊥
X)}, i.e., the length of the shortest non-
contractible cycle of K or K∗, where K∗ is the dual map of K. Now, if H2(K,Z) ∼= Z, then
H1(K,Z2) ∼= H1(M,Z2) ∼= (Z2)
2g, and if H2(K,Z) ∼= {0}, then H1(K,Z2) ∼= H1(M,Z2) ∼=
(Z2)
g. Therefore, for H2(K,Z) ∼= Z, k = 2g, and for H2(K,Z) ∼= {0}, k = g. However,
H2(K,Z) ∼= Z implies that 2g = 2− χ(K), and H2(K,Z) ∼= {0} implies that g = 2− χ(K).
Therefore, for any H2(K,Z), k = 2− χ(K).
4 Codes associated with equivelar maps of type [kk]
We know the existence of equivelar maps of type [kk] from [9]. In this section, we construct
a class of homological quantum codes [[n, k, dmin]] associated with equivelar maps of type
[kk].
Proposition 4.1 ([9]). For each m1 ≥ 3 and m2 ≥ 0, there exists an 2×(3
m1−1+2m2−1)-
vertex self-dual equivelar map of type [(2m1 − 1)
2m1−1] and an (3m1 +2m2− 1)-vertex self-
dual equivelar map of type [(2m1)
2m1 ].
We establish a result in Lemma 4.1 to produce quantum codes associated with equivelar
maps of types [(2m1 − 1)
2m1−1] and [(2m1)
2m1 ].
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Lemma 4.1. If equivelar maps are of type [(2m1 − 1)
2m1−1] or [(2m1)
2m1 ], then dmin = 4.
Proof. From [9], for m1 ≥ 3 and m2 ≥ 0, equivelar maps of types [(2m1 − 1)
2m1−1] and
[(2m1)
2m1 ] are as follows:
K2m1−1,2×(3m1−1+2m2−1) = {Fj,2m1−1 : 1 ≤ j ≤ 2× (3
m1−1 + 2m2 − 1)}
K2m1,3m1+2m2−1 = {Fj,2m1 : 1 ≤ j ≤ 3
m1 + 2m2 − 1}
where Fj,2m1−1 and Fj,2m1 are faces of K2m1−1,2×(3m1−1+2m2−1) and K2m1,3m1+2m2−1,
respectively, and are given by
Fj,2m1−1 = (j + a1, j + a2, . . . , j + a2m1−3, j + a2m1−2 +m2, j + a2m1−1 + 2m2)
Fj,2m1 = (j + a1, j + a2, . . . , j + a2m1−2, j + a2m1−1, j + a2m1 +m2)
with a2n−1 = 3
n−1 − 1, a2n = 2 × 3
n−1 − 1 for n ≥ 1. Therefore, Fj,2m1−1 and Fj,2m1 are
(2m1 − 1)-cycles and (2m1)-cycles, respectively, with vertices from Z2×(3m1−1+2m2−1) and
Z3m1+2m2−1, respectively. Thus, every vertex in K2m1−1,2×(3m1−1+2m2−1) contains 2m1 − 1
faces, and every vertex in K2m1,3m1+2m2−1 contains 2m1 faces. Now we have
F1,2m1−1 = (1, 2, 3, . . . , 3
m1−2, 2× 3m1−2 +m2, 3
m1−1 + 2m2) (2)
F2,2m1−1 = (2, 3, 4, . . . , 2× 3
m1−1 +m2 + 1, 3
m1−1 + 2m2 + 1) (3)
F3m1−1+2m2−1,2m1−1 = (3
m1−1 + 2m2 − 1, 3
m1−1 + 2m2, 3
m1−1 + 2m2 + 1,
3m1−1 + 2m2 + 4, . . . , 2× (3
m1−1 + 2m2 − 1)) (4)
F3m1−1+2m2,2m1−1 = (3
m1−1 + 2m2, 3
m1−1 + 2m2 + 1, 3
m1−1 + 2m2 + 2, . . . ,
2× (3m1−1 + 2m2)− 1) (5)
F3m1−1+2m2+1,2m1−1 = (3
m1−1 + 2m2 + 1, 3
m1−1 + 2m2 + 2, 3
m1−1 + 2m2 + 3, . . . , 2) (6)
F1,2m1 = (1, 2, 3, . . . , 2× 3
m1−2, 3m1−2, 2× 3m1−1 +m2) (7)
F2,2m1 = (2, 3, 4, . . . , 3
m1−1 + 1, 2 × 3m1−1 +m2 + 1) (8)
F2×3m1−1+m2−1,2m1 = (2× 3
m1−1 +m2 − 1, 2 × 3
m1−1 +m2, 2× 3
m1−1 +m2 + 1,
2× 3m1−1 +m2 + 6, . . . , 4× 3
m1−1 + 2m2 − 2) (9)
F2×3m1−1+m2,2m1 = (2× 3
m1−1 +m2, 2× 3
m1−1 +m2 + 1, 2 × 3
m1−1 +m2 + 2, . . . ,
4× 3m1−1 + 2m2 − 1) (10)
F2×3m1−1+m2+1,2m1 = (2× 3
m1−1 +m2 + 1, 2 × 3
m1−1 +m2 + 2, 2× 3
m1−1 +m2 + 3,
. . . , 3m1−1 + 1) (11)
From Equations (2), (3) and (4), it is clear that C(3m1−1+2m2, 1, 2, 3
m1−1+2m2 +1) is a
cycle in the equivelar map of type [(2m1 − 1)
2m1−1], and from Equations (7), (8), and (9), it
is clear that C(2×3m1−1+m2, 1, 2, 2×3
m1−1+m2+1) is a cycle in the equivelar map of type
[(2m1)
2m1 ]. Clearly, faces in equivelar maps of type [(2m1 − 1)
2m1−1] are (2m1 − 1)-gons,
and faces in equivelar maps of type [(2m1)
2m1 ] are 2m1-gons. Furthermore, (2m1 − 1) ≥ 5
and 2m1 ≥ 6 for m1 ≥ 3. Therefore, the cycles C(3
m1−1 + 2m2, 1, 2, 3
m1−1 + 2m2 + 1) and
C(2× 3m1−1+m2, 1, 2, 2× 3
m1−1+m2+1) are non-contractible in the respective equivelar
maps, and hence dmin ≤ 4 in both classes.
We know that if C(c1, c2, c3) is a cycle of length three in a map, then c3 is adjacent to
the vertex c1. Using this property, we show that equivelar maps of types [(2m1 − 1)
2m1−1]
and [(2m1)
2m1 ] do not contain a non-contractible cycle of length three. Here, it is sufficient
to show that there does not exist any cycle of length three which contains the vertex
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3m1−1 + 2m2 + 1 (resp. 2× 3
m1−1 +m2 + 1) in an equivelar map of type [(2m1 − 1)
2m1−1]
(resp. [(2m1)
2m1 ]). From the above faces (Eq. (2−11)), it is clear that the vertex 3m1−1 +
2m2 +1 is adjacent to the vertices 2, 3
m1−1 +2m2 +2, 3
m1−1+2m2, 3
m1−1+2m2+4, . . . ,
2 × 3m1−1 + m2 + 1, and that the vertex 2 × 3
m1−1 + m2 + 1 is adjacent to 3
m1−1 + 1,
2× 3m1−1+m2+2, 2× 3
m1−1+m2, 2× 3
m1−1+m2+6, . . . , 2. Therefore, 3
m1−1+2m2+1
is not adjacent to 1 or 3 in equivelar maps of type [(2m1 − 1)
2m1−1], and similarly the
vertex 2× 3m1−1+m2+1 is not adjacent to 1 or 3 in an equivelar map of type [(2m1)
2m1 ].
Therefore, equivelar maps of types [(2m1 − 1)
2m1−1] and [(2m1)
2m1 ] do not contain a non-
contractible cycle of length three. Thus, dmin = 4 in both the classes of equivelar maps of
types [(2m1 − 1)
2m1−1] and [(2m1)
2m1 ]. This completes the proof.
4.1 Codes associated with equivelar maps of type [(2m1 − 1)
2m1−1]
Let K be an equivelar map of type [(2m1 − 1)
2m1−1]. Then, by Proposition 4.1, |f0| =
2×(3m1−1+2m2−1). Thus, |f1| = (2m1−1)(3
m1−1+2m2−1) and |f2| = 2×(3
m1−1+2m2−1).
By Euler characteristic equation, χ(K) = |f0| − |f1|+ |f2| = (5− 2m1)(3
m1−1 + 2m2 − 1).
Therefore, k = 2 − χ = 2 + (2m1 − 5)(3
m1−1 + 2m2 − 1), and by Lemma 4.1, dmin = 4.
Thus, [[n, k, dmin]] = [[(2m1 − 1)(3
m1−1 + 2m2 − 1), 2 + (2m1 − 5)(3
m1−1 + 2m2 − 1), 4]].
The encoding rate of the code kn =
2+(2m1−5)(3m1−1+2m2−1)
(2m1−1)(3m1−1+2m2−1)
= 2
(2m1−1)(3m1−1+2m2−1)
+
2− 5
m1
2− 1
m1
→ 1 as m1,m2 →∞.
4.2 Codes associated with equivelar maps of type [(2m1)
2m1 ]
Let K be an equivelar map of type [(2m1)
2m1 ]. Then, by Proposition 4.1, |f0| = (3
m1 +
2m2 − 1). Thus, |f1| = m1(3
m1−1 + 2m2 − 1) and |f2| = (3
m1 + 2m2 − 1). By Euler
characteristic equation, χ(K) = |f0| − |f1| + |f2| = (2 −m1)(3
m1 + 2m2 − 1). Therefore,
k = 2 + (m1 − 2)(3
m1 + 2m2 − 1), and by Lemma 4.1, dmin = 4. Thus, [[n, k, dmin]] =
[[m1(3
m1 + 2m2 − 1), 2 + (m1 − 2)(3
m1 + 2m2 − 1), 4]]. The encoding rate of the code
k
n =
m1(3m1+2m2−1)
2+(m1−2)(3m1+2m2−1)
= 22+(m1−2)(3m1+2m2−1) + (1 −
2
m1
)→ 1 as m1,m2 →∞.
As the encoding rate of the quantum codes presented in Section 4.1 and 4.2 is 1, these
codes can therefore be considered as good codes. A comparison of these codes is presented
at Sl No 12 and 13 in Table 2.
HX =


1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 1 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 1 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 1 1 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 1 0 1
0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1


12×42
(12)
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HZ =


0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0


28×42
(13)
HX =


1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0


(14)
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HZ =


1 1 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0 0 0 0 1 0


(15)
5 Examples and codes associated with d-th cover maps
We know from [7] that equivelar maps of type [pq] exist for p = 3, q = 7 on a double torus
with 12 vertices: namely, Ni, i = 1, 2, 3, 4, 5, 6. In particular, N1=[ [1, 2, 3], [1, 2, 4], [1, 3,
5], [1, 4, 6], [1, 5, 7], [1, 6, 8], [1, 7, 8], [2, 3, 6], [2, 4, 7], [2, 6, 9], [2, 7, 10], [2, 9, 10], [3, 5,
9], [3, 6, 11], [3, 9, 12], [3, 11, 12], [4, 6, 9], [4, 7, 8], [4, 8, 12], [4, 9, 12], [5, 7, 11], [5, 9, 10],
[5, 10, 12], [5, 11, 12], [6, 8, 11], [7, 10, 11], [8, 10, 11], [8, 10, 12] ].
For every Ni, it is obvious to envision that each of these maps has a non-contractible
cycle of length three, and therefore, for each of them, dmin = 3. Now, HX and HZ corre-
sponding to N1 are given by Eq. (12) and Eq. (13), respectively. Using graph rotation,
mentioned in [14], we have HXH
T
Z = 0. Thus, we can obtain a code corresponding to this.
Observe that in this case n = |f1| = 42, k = 2 − χ(N1) = 4, and therefore the [[42, 4, 3]]
quantum code is obtained. Now, for the d-th cover (d ≥ 1) of each map Ni, map N
d
i is
produced on the orientable surface with 12d vertices, 42d edges, and Euler characteristic
−2d. Therefore, k = 2− χ(Ni) = 2 × (1 + d), and hence, a class of quantum codes with
parameters [[n, k, dmin]] =[[42d, 2(1 + d), 3]] associated with N
d
i is produced.
In [12], it is shown that there are at least 17 SEMs with Euler characteristic −1, denoted
by Ki (1 ≤ i ≤ 17). It is easy to verify that every map Ki satisfy the Euler characteristic
equation.
For example, K3=[ [1, 2, 10, 9, 8], [3, 4, 19, 18, 16], [5, 11, 13, 15, 14], [6, 7, 20, 18, 12],
[1, 2, 3, 4], [1, 4, 5, 6], [1, 6, 7, 8], [2, 3, 12, 11], [2, 10, 13, 11], [3, 12, 18, 16], [4, 5, 14, 19],
[5, 6, 12, 11], [7, 8, 14, 19], [7, 19, 17, 20], [8, 9, 15, 14], [9, 10, 16, 17], [9, 15, 20, 17], [10,
13, 18, 16], [13, 15, 20, 18] ]
In K3, |f0| = 20, |f1| = 40 and |f2| = 19. Thus, the corresponding vertex-edge and
face-edge incidence matrices HX and HZ are of size 20 × 40 and 19 × 40, respectively, as
given in Eq. (14) and Eq. (15).
Using graph rotation as in the previous case, we conclude that HXH
T
Z = 0. Therefore,
we obtain a [[n, k, dmin]] quantum code with n = |f1| = 40, k = 2−χ(K3) = 3, and dmin = 4,
and the length of the shortest non-contractible cycle in K3 and K
∗
3 , i.e., a [[40, 3, 4]] quantum
code is obtained. Similarly, codes related to maps Ki, i = 1, 2, . . . , 17 can be obtained and
are listed in Table 1.
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As in the case of equivelar maps on a double torus, the d-th (d ≥ 1) covering of SEMs
Ki, listed in Table 1, produces a map K
d
i of Euler characteristic −d, and therefore, for every
Kdi , k = 2 + d. In K
d
i , i = 1, 2, 3, (|f0|, |f1|) = (20d, 40d). Similarly, (|f0|, |f1|) = (42d, 84d)
for K4; (|f0|, |f1|) = (42d, 63d) for K5; (|f0|, |f1|) = (84d, 126d) for K6; (|f0|, |f1|) =
(40d, 60d) for K7; (|f0|, |f1|) = (48d, 72d) for K
d
i , i = 8, 9; (|f0|, |f1|) = (24d, 48d) for
Kdi , i = 10, 11; (|f0|, |f1|) = (24d, 36d) for K
d
i , i = 12, 13; (|f0|, |f1|) = (12d, 30d) for
Kdi , i = 14; and (|f0|, |f1|) = (12d, 36d) for K
d
i , i = 15, 16, 17. Therefore, the code pa-
rameters are [[n, k, dmin]] = [[40d, 2 + d, 4]] associated with the map K
d
i for i = 1, 2, 3,
[[n, k, dmin]] = [[84d, 2 + d, 4]] associated with the map K
d
4, [[n, k, dmin]] = [[63d, 2 + d, 4]]
associated with the map Kd5, [[n, k, dmin]] = [[126d, 2 + d, 4]] associated with the map K
d
6,
[[n, k, dmin]] = [[60d, 2 + d, 4]] associated with the map K
d
7 [[n, k, dmin]] = [[72d, 2 + d, 4]]
associated with the map Kdi for i = 8, 9, [[n, k, dmin]] = [[48d, 2 + d, 4]] associated with
the map Kdi for i = 10, 11, [[n, k, dmin]] = [[36d, 2 + d, 3]] associated with the map K
d
i
for i = 12, 13, [[n, k, dmin]] = [[30d, 2 + d, 4]] associated with the map K
d
i for i = 14 and
[[n, k, dmin]] = [[36d, 2 + d, 3]] associated with the map K
d
i for i = 15, 16, 17. The above
details are presented in compact form in Table 3.
6 Table of Quantum Codes
Map Type Maps n = |f1| k = 2− χ dmin [[n, k, dmin]]
[43, 51] K1,K2,K3 40 3 4 [[40, 3, 4]]
[31, 41, 71, 41] K4 84 3 4 [[84, 3, 4]]
[62, 71] K5 63 3 4 [[63, 3, 4]]
[41, 61, 141] K6 126 3 4 [[126, 3, 4]]
[41, 81, 101] K7 60 3 4 [[60, 3, 4]]
[41, 61, 161] K8,K9 72 3 4 [[72, 3, 4]]
[31, 41, 81, 41] K10,K11 48 3 4 [[48, 3, 4]]
[62, 81] K12,K13 36 3 3 [[36, 3, 3]]
[31, 41, 31, 42] K14 30 3 4 [[30, 3, 4]]
[35, 41] K15,K16,K17 36 3 3 [[36, 3, 3]]
Table 1: Table of quantum codes associated with semi-equivelar maps on the surface of χ = −1
The classes of quantum codes presented in Table 2 from 1 − 11 are from references
[4, 17, 11, 2, 15], and the codes from 12 − 13 are presented in this paper. The encoding
rate of the codes from 5 − 13 is 1. Note that the minimum distances of the classes of
HQC presented in this article are greater than the minimum distance of the class of HQCs
available in the literature (except the class in Table 2, Sl No 10). Codes in Table 3 are
obtained from the d-th covering map of the equivelar and SEMs on the double torus and
on the surface of Euler characteristic -1. In these code parameters, encoding rate kn → α
as n→∞ with α < 1.
7 Conclusion
The central idea of TQC is to make the quantum states depend upon topological properties
of a physical system, because topological properties are invariant under smooth degrada-
tions. Therefore, obtaining new classes of codes means adding new topological properties to
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Sl.
No
n k dmin [[n, k, dmin]]
1 2t2 2 t [[2t2, 2, t]], t ≥ 3
2 32 t
2 2 t [[32 t
2, 2, t]], t = 2m(m ≥ 2)
3 t2 2 t [[t2, 2, t]], t = 2m(m ≥ 2)
4 t2 + 1 2 t [[t2 + 1, 2, t]], t = 2m+ 1(m ≥ 1)
5
(t
2
) (t
2
)
− 2(t− 1) 3 [[
(t
2
)
,
(t
2
)
− 2(t− 1), 3]], (t ≡ 0 ∨ 1 mod 4)
6 t(t−3)2
t(t−3)
2 − 2(t− 1) 3 [[
t(t−3)
2
, t(t−3)
2
− 2(t − 1), 3]], (t ≡ 0 mod 2, t ≥ 8)
7 t(t− 5) t(t− 5)− 2(t− 1) 3 [[t(t− 5), t(t − 5) − 2(t − 1), 3]], (t ≡ 0 mod 2, t ≥ 8)
8 t(t−2)4
t(t−2)
4 − 2(t− 2) 3 [[
t(t−2)
4
,
t(t−2)
4
− 2(t − 2), 3]], (t ≡ 0 mod 2, t ≥ 10)
9 3t2
t
2 − 10 3 [[
3t
2 ,
t
2 − 10, 3]], (t ≡ 0 mod 4, t ≥ 28)
10 t2 t2 − 4t+ 2 4 [[t2, t2 − 4t+ 2, 4]], (t = 4, 8, 10, 12, . . . )
11 2t(t− 1) 2(t2 − 3t+ 1) 3 [[2t(t− 1), 2(t2 − 3t+ 1),3]], t ≥ 3
12 (2m1 −
1)(3m1−1 +
2m2 − 1)
2+ (2m1− 5)(3m1−1 +
2m2 − 1)
4 [[(2m1−1)(3m1−1 +2m2−1), 2+(2m1 −5)(3m1−1+
2m2 − 1), 4]], (m1 ≥ 3,m2 ≥ 0)
13 m1(3m1 +
2m2 − 1)
2 + (m1 − 2)(3m1 +
2m2 − 1)
4 [[m1(3m1 +2m2−1), 2+(m1−2)(3m1 +2m2−1), 4]],
(m1 ≥ 3, m2 ≥ 0)
Table 2: Quantum code [[n, k, dmin]]
Map type n = |f1| k dmin [[n, k, dmin]]
k
n as n→∞
[37] 42d 2(1 + d) 3 [[42d, 2(1 + d), 3]] 121
[43, 51] 40d 2 + d 4 [[40d, 2 + d, 4]] 140
[31, 41, 71, 41] 84d 2 + d 4 [[84d, 2 + d, 4]] 184
[62, 71] 63d 2 + d 4 [[63d, 2 + d, 4]] 163
[41, 61, 141] 126d 2 + d 4 [[126d, 2 + d, 4]] 1126
[41, 81, 101] 60d 2 + d 4 [[60d, 2 + d, 4]] 160
[[41, 61, 161]] 72d 2 + d 4 [[72d, 2 + d, 4]] 172
[31, 41, 81, 41] 48d 2 + d 4 [[48d, 2 + d, 4]] 148
[62, 8] 36d 2 + d 3 [[36d, 2 + d, 3]] 136
[31, 41, 31, 42] 30d 2 + d 4 [[30d, 2 + d, 4]] 130
[35, 41] 36d 2 + d 3 [[36d, 2 + d, 3]] 136
Table 3: Code table associated with covering maps of equivelar maps on double torus and semi-
equivelar maps on the surface of Euler characteristic -1
the class of existing topological properties where information can be stored. In this paper,
we have constructed thirteen new classes of homological quantum codes. These codes are
associated with maps, namely, equivelar maps and semi-equivelar maps on some surfaces.
In particular, we have introduced two classes of quantum codes associated with the maps of
type [kk], i.e., self-dual maps. In this case, the encoding rate is kn → 1 when n→∞. Also,
we have presented eleven new classes of quantum codes which are associated with the d-th
covering of equivelar and semi-equivelar maps of a double torus and the surface with Euler
characteristic −1. In both cases, the encoding rate kn is α, where α < 1. This work can
be extended to other classes of maps on other surfaces such as Catalon maps in the same
manner.
11
References
[1] A.R. Calderbank, E. Rains, P.W. Shor, N. Sloane, Quantum error correction via codes
over GF (4), IEEE Trans. Inf. Theory 44 (1998), 1369-1387.
[2] A.Y. Kitaev, Fault-tolerant quantum computation by anyons, Ann. Phys. 303 (2003),
2-30.
[3] Allen Hatcher, Algebraic topology, Cambridge University Press, 2002.
[4] Avaz Naghipour, New classes of quantum codes on closed orientable surfaces, Cryp-
tography and Communications, https://doi.org/10.1007/s12095-018-0347-9.
[5] A. K. Tiwari and A. K. Upadhyay, Semi-equivelar maps on the surface of Euler char-
acteristic -1 Note Mat. 37 (2017), 91–102.
[6] A. K. Upadhyay, A. K. Tiwari and D. Maity Semi-equivelar maps, Beitra¨ge Algebra
Geom. 55 (2014), 229–242.
[7] B. Datta, A.K. Upadhyay, Degree-regular triangulations of the double-torus, Forum
Math. 18 (2006), 1011–1025.
[8] B. Datta and D. Maity, Semiequivelar maps on the torus and the Klein bottle are
Archimedean, Discrete Math. 341(12) (2018), 329–3309.
[9] B. Dutta, A Note on the Existence of {k, k}-equivelar Polyhedral Maps, Beitra¨ge zur
Algebra und Geometrie, Volume 46 (2005), No. 2, 537-544.
[10] C. D. Albuquerque, R. Palazzo and E. B. Silva, Topological quantum codes
on compact surfaces with genus g ≥ 2, J. Math. Phys., 50, 023513(2009);
https://doi.org/10.1063/1.3081056.
[11] C. D. Albuquerque, R. Palazzo and E. B. Silva, New classes of topological quantum
codes associated with self-dual, quasi self-dual and denser tessellation, Quantum Infor-
mation and Computation, Vol. 10, No. 11&12 (2010) 09560970
[12] D. Bhowmik, D. Maity, A.K. Upadhyay and B.P. Yadav, Semi-equivelar maps on the
surface of Euler genus 3, http://arxiv.org/abs/2002.06367
[13] D. Bhowmik and A. K. Upadhyay, A Classification of Semi-equivelar maps on the
surface of Euler characteristic -1, accepted in Indian Journal of Pure and Applied
Mathematics, 2020 (May).
[14] G. Ringel, Map Color Theorem, Grundlehren Der Mathematischen Wissenschaften Bd.
209. Springer, New York (1974)
[15] H. Bombin, M.A. Martin-Delgado, Homological error correction: Classical
and quantum codes, Journal of Mathematical Physics 48 (2007), 052105;
https://doi.org/10.1063/1.2731356
[16] J.P. Tillich and G. Ze´mor, Quantum LDPC codes with positive rate and minimum dis-
tance proportional to n1/2, In Information Theory, 2009. ISIT 2009. IEEE International
Symposium, pages 799803. IEEE, 2009.
12
[17] M. Leslie, Hypermap-homology quantum codes, International Journal of Quantum In-
formation, Vol. 12, No. 01, 1430001 (2014).
[18] P.W. Shor, Scheme for reducing decoherence in quantum memory, Phys. Rev. A 2
(1995), 2493-2496.
[19] R. Hill, A first course in coding theory, Oxford Applied Mathematics and Computing
Science Series, Clarendon Press, 1997; 1st edition.
[20] Michael A. Nielsen and Isaac L. Chuang, Quantum computation and quantum informa-
tion, Cambridge Series on Information and the Natural Sciences, Cambridge University
Press, 2004; 1st edition.
[21] Daniel Gottesman, Stabilizer codes and quantum error correction, PhD thesis, Califor-
nia Institute of Technology, 1997.
[22] Branko Grnbaum and G. C. Shephard, Tilings and patterns, Freeman and Co., New
York. 1987.
13
